Abstract-A method for finding the boundaries of constant gain margin and phase margin of control systems with transport lags and adjustable parameters is presented. The considered systems are first modified by adding a gain-phase margin tester, then the characteristic equations are formulated, and finally the stability equations are used to find the boundaries of constant gain margin and phase margin. The main advantage of the proposed method is to obtain complete information about the effects of adjustable parameters on gain margin and phase margin and their corresponding crossover frequencies. In order to show the usefulness of the proposed method a nuclear reactor control system with multiple transport lags is chosen as one of the examples.
I. INTRODUCTION
OR THE ANALYSIS and design of practical control F systems, gain margin (GM) and phase margin are the two important specifications. The frequency domain approach, based upon the works of Nyquist, Bode, and Nichols, permits a designer to find these two values in a sample manner [I] .
However, this approach is unsuitable for systems with two or more adjustable parameters.
Control system containing transport lags are usually difficult to analyze due to the existance of exponential functions in system transfer functions. Lawrence Eisenberg has analyzed a system with a transport lag using the parameter plane method 121. Hu and Han have presented a method to analyze control systems with multiple transport lags and multiple adjustable parameters using the parameter plane and parameter space methods 131. However, all these methods cannot give information on gain margin and phase margin.
The main purpose of this paper is to present a method to find gain margin and phase margin of control systems with transport lags and adjustable parameters. Based upon the proposed method, the boundaries of constant gain margin and phase margin can be plotted in a parameter plane or a parameter space. For each selected point on these boundaries the specific phase margin and gain margin are the same as those obtained by use of a Nyquist diagram.
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University, Hsinchu, Taiwan, Republic of China. parameters to obtain desirable gain margin and phase margin and their corresponding crossover frequencies. As an illustration, the nuclear reactor control system considered by Hu and Han in [3] is reconsidered in this paper.
THE BASIC METHOD
Consider the system shown in Fig. 1 
where A=BI . C'2-Bz. CI.
( 9 )
If ( 5 ) and (6) are not linear functions of a and 0, theoretically a and 0 can be solved also since there are two independent equations [5] .
In (7) and (8) = 0, the locus in the a versus 0 plane is a boundary of constant gain margin. On the other hand, if A = OdB, and 8 is assumed equal to a constant, the locus is a boundary of constant phase margin. The corresponding values of w on the constant gain-margin boundary and the constant phase-margin boundary are the phase crossover frequency and the gain crossover frequency, respectively. For several values of y a subspace can be found in the three dimensional parameter space using y as the third axis [6]-[SI.
In general, the stability boundary is plotted first, and then the boundaries of constant gain margin and phase margin are plotted in the stable region. The rule for finding the stable region for the stability boundary is that, facing the direction in which w is increasing, if A defined in ( 9 ) is positive (negative), the left (right) side of the stability boundary is the stable region.
EXAMPLES
The main purposes of this section are to reconsider the examples analyzed in [2] and [3] and to obtain complete information on boundaries of constant gain margin and phase margin.
Example I [ 2 ] : Consider the system shown in Fig. 2 . The open loop transfer function is Defining a = K , 0 = K r , setting s = j w , and adding the gain- phase margin tester to the system, the characteristic equation is
After some algebraic manipulations, the two stability equations can be expressed as
Assuming T = 1, using (7) to ( 9 ) , and letting w vary from zero to infinity, the stability boundary (by setting A = 0 dB and 8 = 0), the constant gain-margin boundary (by setting A = 6 dB and 8 = 0), and the constant phase-margin boundary (by setting A = 0 dB and 0 = 30") are plotted in the a vs. / 3 plane as shown in Fig. 3 . It can be seen that these three boundaries divide this parameter plane into several regions, where the region denoted by R I is the stable region [ 2 ] . For better understanding of R I an enlarged figure is shown in Fig.  4 , where each region has its specific gain margin and phase margin (PM). For example, the region denoted by R I ) represents GM > 6 dB, and PM > 30". Similarly, R I * represents GM > 6 dB and 30" > PM > 0". If a and P are adjusted to point Po(a = 0.686, P = 0.166), the gain margin and phase margin will be 6 db and 30°, respectively. The corresponding phase crossover frequency (wcp) and gain crossover frequency (acg) are at 1.396 rad/s and 0.724 rad/s, respectively. Therefore, a designer can select desirable values of parameters to make the system meet specifications on gain and 5 it can be seen that, for analysis and design of a system with multiple adjustable parameters, to plot the boundaries of constant gain margin and phase margin is better than plotting several Nyquist plots. Example 2 [3]: A control system with two transport lags and multiple adjustable parameters is shown in Fig. 6 , where a, K 1 , and K2 are adjustable parameters; TI and T2 are transport lags. Assume that the purpose of analysis and design is to find the ranges of parameters such that the system is stable and has phase margin and gain margin defined as 60" > PM > 30" and GM > 6 dB, respectively. 
Assuming T I = 1.5, Tz = 0.5, and y = 1 , and using of the same approach as in Example 1 , the stability boundary is plotted as shown in Fig. 7 , where R I is the stable region [ 3 ] . The details of R I are shown in Fig. 8 , which indicates that the boundaries of constant gain margin ( A = 6 dB) and constant phase margins (0 = 30" and 0 = 60") divide the stable region R I into six regions, and that the region marked by R I is the desirable one for having GM > 6 dB and 60" > PM > 30". In order to find the effect of the third parameter y, several values are assigned to it, and the corresponding boundaries in parameter plane are found. Then a subspace with GM > 6db and 60" > PM > 30" in a three dimensional parameter space n 1.
2) Flow rate versus injection valve opening
where C, is a constant, and the time constants may be neglected in comparison with others affecting the system dynamics [ 11.
3) Poison concentration versus injection flow rate
Gc(s) = -- where a = (C, -C)/ Wor C/ W for poison or water injection respectively.
4) Reactivity versus concentration
where (dK/dC), is the slope of the characteristic given the reactivity versus poison concentration at steady state [ 13.
) Nuclear power versus reactivity
The ion chamber transfer function is assumed to be a constant gain (G). The open loop system transfer function is can be constructed as shown in Fig. 9 . Inside this subspace any point selected will represent a set of values of CY, 6 , and y to make the system stable and meet specifications (60" > PM > 30" and GM > 6 dB). The results in this example have been checked by use of Nyquist plots also. Example 3: A chemical system operated for the automatic fine control of a nuclear reactor is considered in this example, [l] , [3] . The system block diagram is given in Fig. 10 . For simplicity, the system is considered linear, and the transfer functions of the blocks are as follows. 
) Injection valves
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Note that one pole of G,(s) in (23) is combined with the pole of (25), and the steady state reactor power (No) is included in K . Thus the parametric investigation of the reactor power as well as the open loop gain can be investigated by changing the CI = ( -b14w14+ 6 1 2~'~-blow10 parameter K.
In this case, the following values are given as constants, From (25) 
Letting K and I* be two parameters and setting s = j w , after some algebraic manipulations, the two stability equations can be expressed with the same forms as (5) and (6) 
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(37)
where the values of a's, b's, c's and d's are tabulated in the Appendix. Setting T = 9.3, and applying the same approach as before, the stability boundary, the boundary of constant gain margin ( A = 6db) and the boundaries of constant phase margins (e = 30", 8 = 37.2') can be plotted in a K versus I* plane as shown in Fig. 11 , which indicates that the region denoted by Ro is the region for A > 6 dB and 8 > 30". For example, if K and I* are adjusted to point P2(K = 247, I* = 0.0272), the system will have a gain margin at A = 6 dB and a phase margin at 8 = 30". The corresponding phase crossover frequency (acp) and gain crossover frequency (acg) are at 0.555 rad/s and 0.075 rad/s, respectively. It can be seen that if the gain margin is limited at 6 dB, the maximum phase margin is approximately at 37.2", because the boundary for 0 = 37.2" is tangent to the boundary for A = 6db at point P I .
If point Po(K = 100, I* = 0.02) in the region Ro is selected, its Nyquist plot is shown in Fig. 12 , and its Bode diagram is shown in Fig. 13 . From these two figures one obtains GM = 10.2 dB, PM = 31.2', wCp = 0.563 rad/s and In this example, although adjusting two parameters K and I* can make the system stable and have a gain margin larger than 6 dB and phase margin larger than 30", unfortunately the transient behavior of the system is too slow, because the maximum gain crossover frequency is 0.075 rad/s for gain margin and phase margin limited at 6 dB and 30", respectively. In order to improve the transient response a compensa- tor H(s) is introduced [l] i.e., Assuming 1 /~ = 0.6 and a = 10, after adding H(s) into the system and applying the same approach as before, the result in the K versus I* plane is shown in Fig. 14 , which indicates that the region denoted by R gives GM > 6 dB and 45" > PM > 30". If K and I* are adjusted to point P(K = 1013.7, I* = 0.1725), the compensated system will have a gain margin at A = 6 dB and a phase margin at 8 = 30". The corresponding phase crossover frequency (acp) and gain crossover frequency (wcg) are at 0.25 rad/s and 0.126 radls, respectively. The
Nyquist plot for P(K= 1013.7, I* = 0.1725) is shown in Fig.   15 . Note that the compensator does improves the gain crossover frequency from 0.075 rad/s to 0.126 rad/s and keep the gain margin and phase margin limited at 6 dB and 30", respectively, In addition, Fig. 14 also shows that the compensated parameters, but the higher the gain crossover frequency is the smaller the gain margin will be. For example, the gain margin will decrease to 2.46 dB if phase margin and gain crossover frequency are limited at 30" and 0.2 rad/% respectively. In short, all the effects of adjusting parameters can be realized from the boundaries of constant gain margin and phase margin.
IV. CONCLUSION
A method for plotting the boundaries of constant gain margin and phase margin of control systems with multiple transport lags and adjustable parameters has been presented. The main advantage of the presented method is that the relations among gain margin, phase margin, and the adjustable parameters can be completely and easily defined. Therefore, the design work by adjusting parameters to obtain desirable gain margin and phase margin and their corresponding crossover frequencies can be simplified. Since all the analyses are based upon two stability equations that are amenable to digital computer computation, the proposed method has the potential for analysis and design of very complicated systems. 
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